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In [3] we introduced a new family of binary, cyclic (n, (n + 1)/2) and 
(n, (n - 1)/2) codes which include quadratic residue (Q. R.) codes when n is prime. 
These codes are defined in terms of their idempotent generators and they exist for 
all n =p;‘jff ‘. ‘pt, where each p, is a prime E & 1 (mod 8). This family of codes 
has properties analogous to properties of Q.R. codes, and we investigate some of 
these in this paper. In particular, we determine conditions on n under which one or 
every extended duadic code is self-dual or its dual is the other associated duadic 
code. In the self-dual case we characterize weights and strengthen the square root 
bound. In addition, we show that every extended cyclic, self-dual binary code is a 
duadic code. Hence we know at which lengths these codes exist and that certain 
Reed-Muller codes are duadic codes. In (Leon, Masley. and Pless, IEEE. Truns. 
Iyform. Theory IT-30 (1984). 709-714) information was given about duadic codes 
until length 119. Here we give extensive tables describing minimum weights and 
duals of all duadic codes until length 241. Several duadic codes are better than the 
Q.R. codes of the same length, and one is the best code known of its length. 
( 1987 Academic Press. Inc 
1. INTRODUCTION 
Quadratic residue (Q.R.) codes are a class of good error-correcting codes 
which are also combinatorially interesting. In [33 we defined a new, 
infinite family of binary, cyclic (n, (n + 1)/2) and (n, (n - 1)/2) codes (called 
duadic codes) which include quadratic residue codes of prime lengths. 
These codes are defined in terms of their idempotent generators and exist 
for all lengths n =pflp:f’ .p:, where each pi is a prime = + 1 (mod 8). 
Hence duadic codes exist at composite lengths. Q.R. codes (which are also 
duadic codes) exist only at prime lengths p, where p = + 1 (mod 8) and at 
these lengths duadic codes other than Q.R. codes may be present. Indeed, 
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at length 73 there are two inequivalent codes (not Q.R. codes) whose 
minimum weight vectors constitute the unique projective plane of order 8. 
At lengths 2” - 1, where n # 1 is odd, some duadic codes are Reed-Muller 
codes. There are many duadic codes which are as good as Q.R. codes of the 
same length and some which are better (for example, at lengths 113, 151, 
233). The duadic code of length 151 is the best binary code known at this 
length. 
In the second section we give various preliminary results on cyclic codes 
and the definition and known properties of duadic codes. In the third sec- 
tion we give new results about duadic codes. 
We have the rather surprising result that every self-orthogonal 
(n, (n - 1)/2) binary cyclic code and every extended cyclic, self-dual binary 
code is a duadic code (Theorem 5). Hence we know for which lengths n 
such codes exist (Theorem 6). From this we also know that Reed-Muller 
R((m - 1)/2, m) codes are duadic codes. It is very interesting to have Q.R. 
codes and certain Reed-Muller codes in the same family. We have also 
determined the conditions on n under which one or every extended duadic 
code is self-dual or its dual is the other duadic code (Theorems 7, 8, and 9). 
We can characterize (mod 4) both the even and odd weights of duadic 
codes whose extensions are self-dual (Theorems (2.4) and (4.2)). If the 
extended duadic code is self-dual, the bound on the minimum odd weight 
of the non-extended code is strengthened (Theorem 4.5). 
In the fourth section we have an extensive table of all duadic codes until 
length 241. We identify the duals of the duadic codes listed, good codes, 
Q.R. codes, and Reed-Muller codes. We also give all minimum weights and 
if the minimum weight is even, we also give the odd minimum weights for 
some codes. These minimum weights were computed by a probabilistic 
algorithm with an extremely low probability of error. 
2. BACKGROUND MATERIAL ON CYCLIC CODES AND DUADIC CODES 
We assume the reader is familiar with the usual properties of error- 
correcting codes and cyclic codes [S, 61, and we only recall a few facts 
which are relevant to this paper. We are only concerned with binary, cyclic 
codes in this paper so we let F = GF(2). An (n, k) binary code is a k-dimen- 
sional subspace of F”. For cyclic codes n is odd and coordinates are 
labelled from 0 to n - 1. If x = (x0 ,..., x,- i) and y = ( y0 ,..., ynP i) are two 
code words, then (x, y) = C;;d xiyi (mod 2). If C is an (n, k) code, the dual 
code CL is the (n, n-k) code consisting of all y in F” such that (c, y) = 0 
for all c in C. A code is self-orthogonal (s.o.) if Cc C’. If C is a length n 
code, its extended code, denoted by C, is of length n + 1 and consists of the 
vectors in C with an overall parity check position adjoined. If C = CL, C is 
called se!&dual (sd.). The rl~i,@r of a vector is the number of its non-Lero 
components. The minimum tcvight of a code is the weight of its non-zero 
codeword of smallest weight. All vectors in a so. binary code have even 
weight. A s.d. code where all vectors have weight divisible by 4 is called 
doubly even (d-e. ). 
Two binary codes are called c~quivalent if one can be obtained from the 
other by a permutation of the coordinates. A code of odd length 11 which is 
invariant under the coordinate permutation i --+ i + 1 (mod n) is called 
cyclic. Let p, denote the coordinate permutation I -+ cri (mod n) where gcd 
(a, n) = I. If e is the idempotent of a cyclic code, we let ? = P/L , We let h 
denote the all one vector. We find the following facts useful. Facts 1 and 2 
are used in Section 4 to determine whether two duadic codes are 
equivalent. 
FACT 1. [5, p. 841. If‘ pL, sends u binary cyclic code C, with idempotent 
e, onto LI code C2, then Cz is c~vclic~ with idempotrnt e, pL,,. 
FACT 2. [ 3, Theorem 11. THYI cyclic codes qf’ prime length ure 
equivalent iff they are equivalent Hal a coordinate permutation pL,,for some a. 
FACT 3. [4, p. 2191. If a hinur!,, cyclic code C has idempotent e, then its 
dual code C’ has idempotent I + F. 
Duadic codes can be viewed as a generalization of Q.R. codes and many 
of their properties fit this description. We start by defining duadic codes. If 
S is the set of non-zero cyclotomic cosets for n and if S = S, u S,, 
S, n Sz = a, where S, and S, are each the union of cyclotomic cosets, and 
if there is an a so that pU interchanges S, and Sz, then S, and S? is called a 
splitting. If pU is considered as a permutation of the cyclotomic cosets, then 
it acts as a permutation of even order without fixed points. A cyclic code is 
called duadic if its idempotent is one of e, = x, c s, X’ or e2 = 1, c ,sZ s’ or 
e3 = 1 + eI or e4 = 1 + e,. When II is a prime p = k 1 (mod 8), S, is the set 
of quadratic residues and S, the set of non-residues, then ,uh for h a fixed 
non-residue gives a splitting and the duadic codes given by this splitting are 
Q.R. codes. The following theorem tells us when duadic codes exist. 
THEOREM 1 [3]. Duadic codes qf length n exist [f;r n = nip7 where each 
p, E + 1 (mod 8). 
When n is a prime, then Q.R. codes are duadic codes of length n. 
However, for many primes other duadic codes exist; for exampie, at 
length 31 the second-order Reed--Muller code is a duadic code. Similarly at 
length 127 the third-order Reed-Muller code is a duadic code, and there 
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are 29 other inequivalent duadic codes including a Q.R. code. Complete 
data on these and other codes are given in the table of Section 4. 
The next theorem generalizes other properties of Q.R. codes. It is 
interesting that in this situation the dimension of the codes can be deter- 
mined by the code’s idempotent. 
THEOREM 2 [3]. Let n =mp’ where each p, = + 1 (mod 8) and put 
E = & 1, where E 5 n (mod 8). Then there exists a coordinate permutation p. 
which gives an equivalence between codes on the same row in the following 
diagram. Let i, j equal either 1, 2 or 2, 1. The following diagram holds for the 
duadic codes Ci, C,, Cl, and C;: 
Codes Dimension 
Ci= (h)-LC; C, = (h)lC; 
II Ii 
/l +&+e 
(\2 ’ -> 
(T+e,) !tk+ 
I/ Ii 
/l-F 
\ 2 +e, -> 
(y+e,) !++ 
(2.1) C: is the even weight subcode of C,. 
(2.2) Suppose Ci is self-orthogonal. If d, is the minimum odd weight 
in C,, then dg - d,,+ 1 >n. If equality occurs, then d, is the minimum 
weight and the vectors of this weight in C, can be regarded as the lines of a 
projective plane. 
(2.3) If p- 1 gives the splitting, Ci is self-orthogonal. 
(2.4) If Ci. is self-orthogonal, then all weights in C’:. are divisible by 4. 
THEOREM 3 [3]. Zf C, is an (n, (n + 1)/2) duadic code, let Ci be its exten- 
ded code. Then the following hold: 
(3.1) ci is an (n+ 1, (n+ 1)/2) code and C, is equioalent to C,. 
(3.2) Zf the splitting is given b-y p , , the c, are seZf-dual and when 
n = - 1 (mod 8), they are doubly-even. 
3. NFW Rriscr,n 
In this section we give new results about duadic codes. Again i: is 
interesting to note how Q.R. codes lit into this larger setting. 
THEOREM 4. Rtzferring to the diugram in Theorem 2, the jbllowing hold: 
(4.1 ) If C: is self-orthogonal, then p , gives the splitting. 
(4.2) [f C: is .~elfLorthogonrri, then all odd rc.eights in C, we congruent 
to E (mod 4). 
(4.3) Cj- = Cl if’ and on!ls if p , ,fixes C’,. I’:. C,, and Cj. 
(4.4) Jf n divides 2k + 1 fbr some k then C’; = C-i. 
(4.5) Suppose C: is se@orthogonal. [f d, is the minimum odd u’eight in 
Ci, then either G-d,,+ I =n or dg-d(,+ I an+ 12. 
Proof: For (4.1) we note that since C, = (h)iC:, C’: is self-orthogonal 
if and only if (C:)’ = C’,. By Fact 3, this is so whenever 
1 + (( 1 - ~)/2) + 2, = (1 + ~)/2 + e, which is precisely the condition for ,U , 
to give the splitting. We know that all weights in C’: are divisible by 4 
whenever C: is self-orthogonal. This, in addition to the fact that 
C, = (h)lC:, demonstrates (4.2). 
Note that p , fixes all four duadic codes whenever it fixes one of them. 
The condition that ,D 1 fixes C, is equivalent to P, = e, which holds precisely 
when C; = C;L Hence (4.3) is proven. 
If n divides 2k + 1, then - 1 is a power of 2 (mod n) so that p I fixes 
every cyclotomic coset. Hence p , (e,) = e, and (4.4) holds. 
For (4.5), the proof given in [7] for quadratic residue codes holds for 
duadic codes. The bound, n + 12, is achieved when II = 31. 
THEOREM 5. Every selfldual extended cyclic hinarJ> code 5; is u duadic 
code. 
Proof. Let C = (e). Then C ’ = (1 +e) and C=C”l(h) since c“ is 
self-dual. Hence h = 1 + e + E If e = xi, s, x’, S, and 11~~ 1(S, ) = S, give a 
splitting. 
From this we see that the results in Theorems 1 through 4 hold for any 
self-orthogonal (n, (n - 1)/2) cyclic code or self-dual extended cyclic code. 
Further, we can find generator matrices for these codes of large length n 
quite quickly. This is so as we can compute their idempotents using only 
cyclotomic cosets without factoring x” - 1. 
COROLLARY. [f m is odd, every Reed-Muller R((m - 1)/2, m) code is a 
duadic code. 
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Proof This is so because R( (m - 1)/2, m) is extended cyclic and self- 
dual [6]. 
OPEN PROBLEM. Can the idempotent of a Reed-Muller R((m - 1)/2, m) 
code be recognized as the idempotent of a Q.R. code can be? 
Remark. If n is such that self-orthogonal (n, (n - 1)/2) cyclic codes 
exist, then we can factor .xn - 1 by computing the idempotents of these 
codes, finding their generating polynomials by taking gcd’s with X” - 1 and 
then taking gcd’s among these polynomials. 
LEMMA 1. Let n = ITph, where p, are prime. Then pL, gives a splitting for n 
if and only if pa, gives a splitting for each pi where a = ai (mod p,). 
Proqf This follows from the proof of Theorem 2 in [3]. 
LEMMA 2. If p is a prime = - 1 (mod 8) then pm , gives every splitting 
for p. If p is a prime = 1 (mod 8) then p ~, gives a splitting for p tf and only 
iford, 2 is odd. Also in this case there are always splittings not given by p ~, . 
Proof As - 1 has even order, it must act as an involution on 
cyclotomic cosets of odd size. Hence p , always gives a splitting when 
ord, 2 is odd, which is for all p = - 1 (mod 8) and some p = 1 (mod 8). 
Suppose p E - 1 (mod 8) and ,B(, gives a splitting for p. Let r = ord, a and 
let t = r/2. If t is even, then ord, a = 4~ and so a”’ = - 1 (mod p). However 
( - 1) is not a square (mod p). Therefore t is odd and pI, t = p ~, gives the 
same splitting as pL,. 
If p G 1 (mod 8) the quadratic residue codes of length p are duadic codes 
whose splitting is not given by p-m , as the Cj are not self-orthogonal. 
THEOREM 6. A self-dual, extended cyclic binary code of length n + 1 
exists tf and only if n = I1pp~, where each pI is either = - 1 (mod 8) or is 
= 1 (mod 8) where ord, (2) is odd. Also such n are the only lengths where 
cyclic, self-orthogonal binary (n, (n - 1)/2) codes can exist. 
Proof The proof follows by Lemmas 1 and 2 and Theorems 2, 3, and 5. 
THEOREM 7. Every (n, (n - 1)/2) duadic code C’ is S.O. and every extended 
duadic (n + 1, (n f 1)/2) code C is s.d. if and only if n = mpl with each 
pi = - 1 (mod 8). 
Proof Follows directly from Lemmas 1 and 2. 
THEOREM 8. If n =pb where p = 1 (mod 8) then one of the following is 
true for a duadic (n, (n - 1)/2) code C: : 
(8.1 ) (‘1 is .s.o. so that (‘. i.\ \.d. 
(8.2) c: = C’,’ so rhot c, md c:, LIrcJ rl1rrrl (Cid1J.i. 
When p divides 2” + I ,fbr sorw k, on/>, (8.2) o(‘1’ur.s. ~~thrr,~~i.cc notir 
.situutions do occur. 
Proqf: When p divides 2/‘ -t I for some k, then -- 1 is a power of 2 
(modp) and hence is a power of 2 (modp”) for any h. In this situation p , 
leaves each duadic code fixed and (8.2) follows from (4.4). 
Assume that - 1 is not a power of 2 (mod p”). Then there are obvious 
splittings given by p , so by (2.3) there are S.O. duadic codes for ph. 
Let p,, give any splitting for p”. Then u has order 2rl (mod pr,) and 
ad= - 1 (mod ph). For d odd 11 ‘,,s= )J r gives the same splitting as u,, so 
(4.1) gives (8.1). For d even, p ,(S,)=S, for i= I, 2 so (4.3) gives (8.2). 
Clearly p , does not give all splittings in this case by Lemmas I and 2. 
Examples of n where both situations occur are )I -= 73. 89. and 233. 
Notice that for n = 17 ‘89 there are splittings given by ,+ for which ,U , 
neither switches nor stabilizes the splitting. It is an easy exercise to see 
that if p,, gives a splitting for II = n p:, then (8.1) holds if the order of 
u (mod p,) is singly even for each i; further (8.2) holds if, for each i, the 
order of c( (modp,) has the same power of 2 (2’ or higher) in its prime 
power factorization. 
THEOREM 9. If n = m? where n divides 2” + 1 for some k then each p, 
must he E I (mod 8), C, and Ci are dual codes, and (-i, and i?, arc dual 
codes. 
Pro@ Since n divides 2& + 1 for some k, - 1 is a power of 2 so that p , 
leaves each cyclotomic coset invariant. Hence it leaves each duadic code 
invariant and the conclusion follows by Theorem 4.3. 
4. THE TABLES 
In this section we describe all the duadic codes of length until 241. This 
is done in two tables. The first table lists all lengths in this range at which 
the only duadic codes are Q.R. codes. The first column labelkd n gives the 
length of an (n, (n + 1)/2) duadic code C. The second column, d, gives the 
minimum weight of C. When C is a Q.R. code then either i” is doubly-even 
(for n E - 1 (mod 8)) or is such that the two extended duadic codes are the 
duals of each other (for n E 1 (mod 8)). This information is provided in the 
third column by d.e. or D = S (i.e., the dual code is the other code in the 
splitting). The last column is labelled p and gives information about the 
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TABLE I 
The Only Duadic Codes of These Lengths Are Q.R. Codes 
of extended 
n d codes P n 
Properties 
of extended 
d codes P 
7 3 d.e. 103 
17 5 D=S 137 
23 7 d.e. 167 
41 9 D=S 191 
47 11 d.e. 193 
71 1 I d.e. 199 
79 15 d.e. 239 
97 15 D=S 
19 d.e. 
21 D=S -100 
23 d.c. -100 
27 d.e. -100 
27 D=S -100 
31 d.e. -100 
31 d.e. -100 
probability that the number listed under d is the actual minimum weight. 
When no probability is given, d is the actual minimum weight. For n > 49, 
these minimum weights were determined by computer using theoretical 
knowledge about the codes. If a number r is given in column p, this should 
be interpreted as follows. 
First, a vector of weight d was found in the code. Second, if the code 
contained vectors of weight less than d, such a vector would have been 
found (in the computer search) with probability at least 1 - lo’, assuming 
that the pseudo-random number generator used was a true random num- 
ber generator. Hence the smaller P is, the greater the probability that d is 
the minimum weight. For the Q.R. codes this probability is greater than 
1 - l/lO’O”. A complete discussion of the method used is given in [2]. The 
interpretation of the columns labelled n, d, and p in Table II are the same. 
In Table II the item d.e. and D = S under the column entitled “properties 
of extended codes” have the same meaning as in Table I, and a new item 
s.d. indicates that the extended code is self-dual but not doubly even. If 
there is no entry in this column, then neither situation occurs, for example, 
for n= 119. 
There are several columns in Table II which do not appear in Table I 
because they are not necessary. One of these gives the generating idem- 
potent for one duadic (n, (n + 1)/2) code C in terms of the smallest coset 
representatives of the set S, of a splitting which contains the element 1. 
This is known for Q.R. codes as S, can always be taken to be the set of 
quadratic residues. No generating idempotent is given for any duadic code 
which is equivalent to C (except possibly at length 161). When C is a Q.R. 
code it is known that the only other duadic code equivalent to C is the 
other Q.R. code. Hence the column labelled number of codes is omitted in 
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Table 1 (as the only entry would be 2). In Table II this IS the number ot 
duadic codes which can be obtained from C’ by ii coordinate permutation 
p,,. By Fact 2, two cyclic codes of prime length which are equivalent must 
be equivalent by a coordinate permutation of the form I’,,, WC do not 
know whether or not this is true for composite length: however, two codes 
with different minimum weights can certainly not be equivalent. Hence the 
only codes listed in Table II which might be equivalent are the two ( 161. 
81, 8) codes. At length 217 we know of 88 possibly inequivalent duadic 
codes and we only give a listing of the number of codes with a given 
minimum weight. 
The column marked LI for /L;, gives the multiplier, LI, for the splitting. 
When the extended code is self-dual (or doubly even) this multiplier can be 
taken to be - 1 and so is omitted in this case. Any non-residue can be used 
as a multiplier for a Q.R. code and so the multiplier (I is omitted. 
The minimum weight of an (n, (IZ + I )/2) Q.R. code is always odd. 
however, this need not be so for a duadic code. When the minimum weight 
was even, we tried to find the minimum odd weight by computer. These are 
listed in the rf,, column. If there is no entry in the ii,, column, I/(, = tl. The 
bounds on L& for the length 161 codes are given by Theorem 4, parts 2 and 
5. If the minimum weight, d, of the (n, (n + 1)/2) duadic code c‘ is odd. the 
minimum weight of si is cl+ I. If the minimum weight, d of the 
(n, (n+ 1)/2) duadic code C is even, (I is also the minimum weight of the 
(n, (n - 1)/2) duadic code C“ and of the extended duadic code is. In order 
to learn more about codes of composite length with low minimum weights. 
we determined that the (119,60,4) code has 119 vectors of weight 4 and 
these vectors span a space of dimension 51. The (119, 60, 6) code has 
4 x 119 vectors of weight 6 and these vectors span a space of dimension 56. 
For purposes of clarity we describe the case tI= 73 in detail. In this 
situation there are eight non-zero cyclotomic cosets each of which has nine 
elements. We describe each coset by its numerically least element. Thus 1 
refers to the cyclotomic coset { I, 2. 4, 8, 16. 32, 64, 55, 37 1. The other non- 
zero cosets are 3, 5, 9, 11, 13, 17. and 25. As 73 is a prime we only have to 
determine all codes equivalent to a given code by a multiplier A’,,. and it is 
sufficient to consider images of idempotents under the various k,‘s. 
All duadic (73, 37) codes have idempotents of weight 37. The idempotent 
e, described by 0, 1, 3, 5, 11 is 1 + C,t.sI .Y’, where S, is the union of the set 
of cyclotomic cosets 1, 3, 5, 1 I. We write this as S, = 1, 3, 5. 11. If 
S,=9,25, 17, 13, then ,LL I interchanges S, and S2 so that the extended 
duadic codes are self-dual. The duadic code C, = <r, > is quite interesting 
as its minimum weight vectors hold the unique projective plane of order 8. 
As all even weight vectors in C, have weights divisible by 4, there are no 
ovals (weight 10 vectors) in C,. There are seven other duadic codes which 
are equivalent to c‘, These are given as four sets of pairs of codes where 
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each pair is in a splitting given by p ~~, . Following are the idempotents of 
t!hese codes: 
0, 1,3,5, ll-O,9,25, 17, 13; 0, 1,5, 11,25-0,9, 17, 13, 3; 
0, 1, 5, 13, 25-0, 9, 17, 11, 2; 0, 1, 3, 11, 17---o, 5, 9, 13, 25. 
There are four more sets of splittings with p _ , giving each splitting and all 
eight duadic codes are equivalent to the code C3 with idempotent 
0, 1, 3, 5, 13. Even though the minimum weight vectors of C, hold the uni- 
que projective plane of order 8, C, and C, are not equivalent. The 
minimum weight vectors in C, (or in C,) span a subcode of dimension 28 
and these two subcodes must be equivalent. 
The (73, 37, 12) duadic code with idempotent 0, 1, 5,9, 17 is left 
invariant by p ~, . There are three other codes, one from the splitting given 
by pLj, which are equivalent to it. The Q.R. codes have idempotents 
l +CisRX’ and 1 + xie N xi, where R = {l, 3,9, 25) is the set of 
(cyclotomic coset representatives of) quadratic residues and 
N = (5, 11, 13, 17) is the set of non-residues. As 5 E N, ,LL~ interchanges the 
Q.R. codes. Clearly pL , leaves each Q.R. code fixed. 
We claim that the (151,76,23) is the best known code of its length as it 
is better than the codes of length 151 listed in “Tables of Best Codes 
Known” [4. p. 6791. 
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